In this work, we consider a generalized nonlinear variational-like inequality problem in the setting of locally convex topological vector spaces and prove the existence of its solutions.
Introduction and preliminaries
The variational-like inequality, also known as the pre-variational inequality, is one of the generalized forms of variational inequalities; see, for example, [2, [5] [6] [7] [8] [9] [10] and references therein. Variationallike inequality and generalized variational-like inequality problems are powerful tools for studying nonconvex optimization problems, and nonconvex and nondifferentiable optimization problems, respectively; see, for instance, [2, 4, 6, 8, 10] and references therein.
In this work, we consider the generalized nonlinear variational-like inequality problem in the setting of locally convex topological vector spaces and prove the existence of its solution.
Let E , E * be a dual system of locally convex spaces and K be a nonempty convex subset of E . Given single valued mappings f, g, p : E * → E * , a bifunction η : K × K → E , multivalued maps M, S, T : K → 2 E * , and a functional φ : K → R, we consider the following generalized nonlinear variational-like inequality problem:
We remark that the existence of a solution of a generalized nonlinear variational-like inequality problem implies the existence of a nondifferentiable and nonconvex optimization problem under certain conditions; see for example [1, 4] and references therein.
If f, g and M are identity mappings, φ ≡ 0 and η(y, x) = y − q(x), where q : K → K is a nonlinear operator, then (GNVLIP) reduces to the problem of finding
We need the following definitions and results which will be used in the following. 
Definition 1.1. Let X and Y be topological vector spaces. A multivalued mapping
P : X → 2 Y is called (i) upper semicontinuous at x 0 ∈ X if for every open set V in Y containing P(x 0 ), there exists an open neighborhood U of x 0 in X such that P(x) ⊆ V, ∀ x ∈ U , (ii) closed if for every net {x λ } converging to x * and {y λ } converging to y * , then ∀ λ, y λ ∈ P(x λ ) implies that y * ∈ P(x * ), (iii) a graph of P, denoted by G(P), if G(P) = {(x, z) ∈ X × Y : x ∈ X, z ∈ P(x)}.(i) For each x ∈ K , co(P(x)) ⊆ Q(x) and P(x) is nonempty. (ii) K = {int K P −1 (y) : y ∈ K }. (iii) If K
is not compact, assume that there exist a nonempty compact convex subset B of K and a nonempty compact subset D of K such that for each x
Then there existsx ∈ K such thatx ∈ Q(x ).
Existence results
Throughout this work, we assume that the pairing ., . is continuous. 
is not compact, assume that there exist a nonempty compact convex subset B of K and a nonempty compact subset D of K such that
∀ x ∈ K \ D, ∃ỹ ∈ B satisfying p(u) − ( f (v) − g(w)), η(ỹ, x) < φ(x) − φ(ỹ), ∀ u ∈ M(x), v ∈ S
(x) and w ∈ T (x).

Then (GNVLIP) has a solution.
Proof. Assume that the conclusion of this theorem does not hold. Then ∀ x ∈ K , the set
We define a multivalued map Q :
Let A = {x λ } {x * }. Then A is compact and u λ ∈ M(A), v λ ∈ S(A) and w λ ∈ T (A) which are compact. Therefore {u λ }, {v λ } and {w λ } have a convergent subnet with a limit, say, u * , v * and w * , respectively. Without loss of generality we may assume that {u λ } converges to u * , {v λ } converges to v * , and {w λ } converges to w * . Then by the upper semicontinuity of M, S and T , we have u * ∈ M(x * ), v * ∈ S(x * ) and w * ∈ T (x * ). By the continuity of f, g, p and (i) and (ii), we have that
and therefore
is nonempty and open in K , we have
Hence Q satisfies all the conditions of Theorem 2.1. Therefore by Theorem 1.1 with
Since η(x, x) = 0, ∀ x ∈ K , we reach a contradiction. This completes the proof. 
